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Conditions for the existence of a solution of exponential type T to the equation 
f”(z) + af’(z + p) + bJ(z + A) = g(z), where g(z) is an entire function of exponential 
type T, are determined. The method of proof applies to equations of different 
orders. p 1988 Academic Press, Inc. 
1. INTRODUCTION 
Consider the functional differential equation 
f"tz) + f Uj(Z) f'(PjZ) + f bk(Z) f(lvkZ)=O, (1) 
,=I k=l 
where ai and bk(z) are entire functions. The asymptotic behaviour of the 
solutions of Eq. (1) is known to be influenced by the growth properties of 
the coefficients ai and bk(z). This influence is most easily recognized by 
consideration of the order of these coefficients, since the order of an entire 
function is closely linked to the distribution of its zeros [2, Chaps. 4 
and 81. In the case of an ordinary differential equation, obtained by letting 
pj = Lk = 1 in Eq. (l), the order of the nontrivial solutions of Eq. (1) may 
be [S, p. 1671 and, in some cases, has to be [SJ, infinite, even though the 
coefIicients are of finite order, even possibly polynomials. 
In the case of a retarded equation, the following result holds: 
THEOREM A [l]. In Eq. (l), if each of the coefficients u,(z), bk(z) is an 
entire function of order at most p < co, and 0 < lpi\, lAkl < 1, then any 
solution has order at mosl p. 
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The proof of Theorem A essentially relies on Hadamard’s three-circle 
theorem [6, p. 193, and generalizes a result of Bowen et al. [3]. The “inter- 
mediate” case of an equation with both retarded and undelayed arguments 
is more in line with the case of an ordinary equation: the equation 
f”(z) + f(z) + f(z/2) = 0 with initial conditions f(0) = 1 and f’(0) = 0 has 
the solution 
cc (-1)” n--l 
f(z)= 1 +n;, (2n)! j=o 
-(n (I+$))+ 
which is readily seen to be of order one. 
If we have, in Eq. (l), n = 1 and bk(z) 3 0, 1 <k 6 m, the type of the 
solutions can also be estimated: 
THEOREM B Cl]. Zf a(z) is an entire function offinite order p andfinite 
exponential type z, and p is a constant such that (~1 < 1, then any solution of 
exponential type o < co of the equation f “(z) + a(z) f(,uz) = 0 has exponen- 
tial type 0 < z/( 1 - pp). 
The bound in Theorem B is best possible: f(z) = eZ is a solution of 
f”(z)-e’14f(3z/4)=0. 
The results of this paper concern the equations 
f”(z) + af ‘(z + p) + bf(z f A) = g(z) 
and 
(2) 
f’(z) + af(z + P) = g(z), (3) 
where a, b, p, and A: are complex numbers, abp # 0, and g(z) is an entire 
function of exponential type r. Notice that the equations need not be of 
retarded type, as no hypotheses are made on the signs of p and I, which 
are not even assumed to be real. 
THEOREM 1. In Eq. (2), let the type z of the function g(z) satisfy 
r < lbl/{ lbl(lA + 14) + I4 + W4 e>. 
Then there exists a solution of Eq. (2) which is an entire function of exponen- 
tial type 7. 
THEOREM 2. In Eq. (3), let the type z of the function g(z) satisfy 
7 < M/Cl + lwl I. 
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Then there exists a solution to Eq. (3) which is an entire function of exponen- 
tial type z. 
The proof of Theorem 1, suitably modified, gives the same conclusion for 
the more general equation (n > 2) 
f’“‘(z) + af’(z + u) + bf(z + A) = g(z) 
provided the exponential type r of the function g(z) satisfies 
It is not known if all solutions of Eq. (2) (resp. Eq. (3)) must be of 
exponential type when the conditions of Theorem 1 (resp. Theorem 2) are 
fulfilled. This seems closely related to the interpretation to be given to the 
inversion of Eq. (4) below. 
2. PROOFS OF RESULTS 
THEOREM 1. Let us define A(t) = t2 + ate”‘+ be*‘; then Eq. (2) can be 
written, formally, by letting D = d/dz, as 
A(D) f(z) = g(z), (4) 
since 
f(z + p) = C 
.f”‘(z) 
iZ0 
pJ jr = epDf(z). 
Let p(r) = re -- ‘“lr; then p(r) takes a maximum oalue of l//p1 e at r = l/lpi. 
Furthermore, exp(-[lpI+(Il]r)>l-(jpLJ+lA])r when r>O, and so 
Ibl(l- [IPI + Mrl)< PI ewi-CId + I4lr). Thus, if 
r < IWC1b1(1~1 + IA) + Ial + W4 el (5) 
then 
and thus 
r/IA e < I4 Cl - (14 + bl )r - I4 rl, 
r2e - IPI’ < Ibl eP (blf lj.l)r _ Ial r. 
Hence when t satisfies ) tl = r, we have 
It2 + ate”‘\ d r2 + la\ ret“” < Ibl e-Ii”< Ibe”\ (61 
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whenever relation (5) holds. By RouchP’s theorem [6, p. 301, the function 
A(t) has the same number of roots, in a disk of radius r satisfying relation 
(5), as the function be”: A(t) is thus nowhere zero in this disk and l/A(t) is 
also holomorphic there. We now use Pblya’s representation theorem [2, 
p. 74 3 to write g(z) = J( e” Q(t) dt, where C is the circle of radius t + E, 
E > 0, centered at the origin, and Q(t) is the Bore1 transform [2, p. 731 of 
g(z), multiplied by 27ti. Equation (4) can now be inverted to f(z) = 
(A(D))-’ g(z), andf(z) =jc e”(A(t))-’ D(t) dt which is a solution of Eq. (2) 
and of exponential type t. 
THEOREM 2. Let B(t)= t + ae”’ and h(r)= Ial eeiplr -r; then h”(r) = 
I4 b12ep lp1’> 0 and so h(r) 2 (h’(O))r + h(0) = [a( - r(laul + 1). Thus 
h(r)>0 when r< jai/(1 + lapi). Whence Jt( =r< Ial e-lfl”< Jaer’l for r-c 
[al/( 1 + (au1 ). The rest of the proof follows the reasoning in Theorem 1. 
Remark. The bound on the value of r required in the hypothesis of 
Theorem 1 is necessary to ensure that Eq. (4) can be inverted. This is 
possible when both A(t) and l/A(t) are regular in the disk of radius z 
centered at the origin, so that the Polya representation of g(z) can be used. 
The condition stated in Theorem 1 is sufficient for A(t) to be non-zero in 
this disk. A similar statement applies to Theorem 2. 
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